Both the mass spectra and the wave functions of the light pseudoscalar (π, K, η, η ′ ) and vector(ρ, K * , ω, φ) mesons are analyzed within the framework of the light-cone constituent quark model. A gaussian radial wave function is used as a trial function of the variational principle for a QCD motivated Hamiltonian which includes not only the Coulomb plus harmonic oscillator potential but also the hyperfine interaction to obtain the correct ρ−π splitting. The mixing angles of ω − φ and η − η ′ are predicted and various physical observables such as decay constants, charge radii, and radiative decay rates etc. are calculated. Our numerical results are in a good agreement with the available experimental data.
I. INTRODUCTION
It has been realized that the relativistic effects are crucial to describe the low-lying hadrons made of u, d and s quarks and anti-quarks [1] . The light-cone quark model [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] takes the advantages of the equal light-cone time(τ = t + z/c) quantization and includes the important relativistic effects in the hadronic wave functions. The distinct features of the light-cone equal-τ quantization compared to the ordinary equal-t quantization may be summarized as the suppression of vacuum fluctuations with the decoupling of complicated zero-modes and the conversion of the dynamical problem from boost to rotation.
The suppression of vacuum fluctuations is due to the rational energy-momentum dispersion relation which correlates the signs of the light-cone energy k − = k 0 − k 3 and the light-cone momentum k + = k 0 +k 3 [5] . However, the non-trivial vacuum phenomena can still be realized in the light-cone quantization approach if one takes into account the non-trivial zero-mode(k + = 0) contributions. As an example, it is shown [13] that the axial anomaly in the Schwinger model can be obtained in the light-cone quantization approach by carefully analyzing the contributions from zero-modes. Therefore, in the light-cone quantization approach, one can take advantage of the rational energy-momentum dispersion relation and build a clean Fock state expansion of hadronic wave functions based on a simple vacuum by decoupling the complicated non-trivial zero-modes. The decoupling of zero-modes can be achieved in the light-cone quark model since the constituent quark and anti-quark acquire appreciable constituent masses. Furthermore, the recent lattice QCD results [14] indicated that the mass difference between η ′ and pseudoscalar octet mesons due to the complicated nontrivial vacuum effect increases(or decreases) as the quark mass m q decreases(or increases), i.e., the effect of the topological charge contribution should be small as m q increases. This supports us to build the constituent quark model in the light-cone quantization approach because the complicated nontrivial vacuum effect in QCD can be traded off by the rather large constituent quark masses. One can also provide a well-established formulation of various form factor calculations in the light-cone quantization method using the well-known Drell-Yan-West(q + = 0) frame. We take this as a distinctive advantage of the light-cone quark model.
The conversion of the dynamical problem from boost to rotation can also be regarded as an advantage because the rotation is compact, i.e., closed and periodic. The reason why the rotation is a dynamical problem in the light-cone quantization approach is because the quantization surface τ = 0 is not invariant under the transverse rotation whose direction is perpendicular to the direction of the quantization axis z at equal τ [15] . Thus, the transverse angular momentum operator involves the interaction that changes the particle number and it is not easy to specify the total angular momentum of a particular hadronic state. Also τ is not invariant under parity [16] . We circumvent these problems of assigning the quantum numbers J P C to hadrons by using the Melosh transformation of each constituents from equal t to equal τ .
In our light-cone quark model of mesons, the meson state |M > is thus represented by
where Q andQ are the effective dressed quark and anti-quark. The model wave function is given by
where φ(x, k ⊥ ) is the radial wave function, J is a Jacobi factor and R(x, k ⊥ , λ q , λq) is the spin-orbit wave function obtained by the interaction-independent Melosh transformation.
When the longitudinal component k n is defined by k n = (x − 1/2)M 0 + (m 2 q − m 2 q )/2M 0 , the Jacobian of the variable transformation {x, k ⊥ } → k = (k n , k ⊥ ) is given by
(1.
3)
The explicit spin-orbit wave function of definite spin (S, S z ) can be obtained by
where the Melosh transformation is given by
(1.5) withn = (0, 0, 1) being a unit vector in the z-direction.
While the spin-orbit wave function is in principle uniquely determined by the Melosh transformation given by Eq.(1.5), a couple of different schemes for handling the meson mass M 0 in Eq.(1.5) have appeared in the literatures [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . While in invariant meson mass scheme [2, [6] [7] [8] [9] [10] [11] [12] , the meson mass square M 2 0 is given by
in the spin-averaged meson mass scheme [3] [4] [5] , M 0 was taken as the average of physical masses with appropriate weighting factors from the spin degrees of freedom. Nevertheless, once the best fit parameters were used [5, 9] , both schemes provided the predictions that were not only pretty similar with each other but also remarkably good [5, 7] compared to the available experimental data [17] for form factors, decay constants, charge radii etc. of various light pseudoscalar(π, K, η, η ′ ) and vector(ρ, K * , ω, φ) mesons as well as their radiative decay widths. The main difference in the best fit parameters was the constituent quark masses,
i.e., m u = m d = 330 MeV, m s = 450 MeV in the spin-averaged meson mass scheme [3] [4] [5] while m u = m d = 250 MeV, m s = 370 MeV in the invariant meson mass scheme [7] .
Also, among the literatures [7, 8, 10] using the invariant meson mass scheme, some literatures [7, 8] used the Jacobi factor J in Eq.(1.2) while some [10] did not. However, we have recently observed [9] that the numerical results of various physical observables from Refs. [7, 8] were almost equivalent to those of Ref. [10] regardless of the presence-absence of the Jacobi factor if the same form of radial wave function(e.g. Gaussian) was chosen and the best fit model parameters in the radial wave function were used.
However, the effect from the difference in the choice of radial wave function, e.g., harmonic oscillator wave function [7, 8, 10] versus power-law wave function [11] , was so substantial that one could not get the similar result by simply changing the model parameters in the chosen radial wave function. For example, in the phenomenology of various meson radiative decays at low Q 2 , we observed [9] that the gaussian type wave function was clearly better than the power-law wave function in comparison with the available experimental data. On the other hand, the radial function so far has been mostly taken as a model wave function rather than as a solution of QCD motivated dynamical equation. Even though the authors in Ref. [12] adopted the quark potential model developed by Godfrey and Isgur [1] to reproduce the meson mass spectra, their model predictions included neither the mixing angles of ω − φ and η − η ′ nor the form factors for various radiative decay processes of pseudoscalar and vector mesons.
Thus, in this paper, we attempt to fill this gap between the model wave function and the QCD motivated potential. A gaussian radial wave function is used as a trial function of the variational principle for a QCD motivated Hamiltonian which includes not only the Coulomb plus harmonic oscillator potential but also the hyperfine interaction to obtain the correct ρ−π splitting. Accordingly, our analysis covers the mass spectra of light pseudoscalar(π, K, η, η ′ ) and vector(ρ, K * , ω, φ) mesons and the mixing angles of ω − φ and η − η ′ as well as other observables such as charge radii, decay constants, radiative decay widths etc.. We exploit the invariant meson mass scheme in this model. We also adopt the parametrization to incorporate the quark-annihilation diagrams [18] [19] [20] In Sec.III, we analyze the meson mass spectra and predict the mixing angles of ω − φ and η − η ′ . We adopt the formulation to incorporate the quark-annihilation diagrams and the effect of SU(3) symmetry breaking in the meson mixing angles. In Sec.IV, we calculate the decay constants, charge radii, form factors and radiative decay rates of various light pseudoscalar and vector mesons and discuss the numerical results in comparison with the available experimental data. Summary and discussions follow in Sec.V.
II. A QCD MOTIVATED HAMILTONIAN AND VARIATIONAL PRINCIPLE
The QCD motivated effective Hamiltonian for the description of the meson mass spectra is given by [1, 12] 
where m q (mq) is the constituent quark(anti-quark) mass and k 2 = k 2 ⊥ + k 2 n . In this work, we use the interaction potential Vfor the pseudoscalar(0 −+ ) and vector(1 −− ) mesons including not only the Coulomb plus harmonic oscillator confining potential but also the hyperfine interaction which is essential to distinguish vector from pseudoscalar mesons:
where ∇ 2 V Coul = 16πκδ 3 (r)/3 and < S q · Sq > = 1/4 for vector −3/4 for pseudoscalar.
As we mentioned in the introduction, we use the gaussian radial wave function of our lightcone quark model as a trial function of the variational principle
We think that this trial function given by Eq.(2.4) is an effective choice because not only Eq.(2.4) takes the same form as the ground state solution of the harmonic oscillator potential but also it is consistent with the light-cone quark model wave function which has been quite successful in describing various meson properties [3] [4] [5] [6] [7] [8] [9] [10] . Furthermore, as we will show below after fixing the parameters a, b and κ, our effective potential V 0 (r) turns out to be very similar in the relevant range of potential(r < ∼ 2 fm) to the usual Coulomb plus linear confining potential which is frequently used in the literatures [1, 12, [21] [22] [23] [24] [25] .
We now discuss how to fix the parameters of our model, i.e., quark masses(m u , m s ), gaussian parameters( β uū = β ud , β us , β ss ) and potential parameters (a, b, κ) in Vgiven by Eq.(2.2). Since all the higher order perturbative contributions from the hyperfine interaction V hyp (r) in Eq.(2.2) vanishes in our calculations of mass spectra for the ground states of pseudoscalar and vector mesons, we can separate V hyp (r) from our variational calculation and treats it as the first order perturbation. This approach has an advantage of not discriminating the gaussian parameter set β = (β uū , β us , β ss ) by the spin structure of mesons.
Thus, using the variational principle for the spin-independent part of Hin Eq.(2.1), 
Taking into account SU(3) symmetry breaking, we use the following parametrization for M 2 suggested by Scadron [20] 
(3.
The parameter λ characterizes the strength of the quark-annihilation graph which couples the I=0 uū state to I=0 uū, dd, ss states with equal strength in the exact SU(3) limit.
The parameter X, however, pertains to SU(3) symmetry breaking such that the quarkannihilation graph factors into its flavor parts, with λ , λX and λX 2 representing uū → uū(dd), uū → ss(or ss → uū), and ss → ss, respectively. Of course, X → 1 in the SU (3) limit. Also, in Eq. 
, (3.5) , one can see that the sign of mixing angle depends on the sign of parameter X. While X P > 0 is well supported by the particle data group [17] 
< ∼ −10 • ), the sign of X V is not yet definite at the present stage of phenomenology. Regarding on the sign of mixing angle δ V , it is interesting to note that X V < 0 is required for phenomenological fitting of
presented in Ref. [7] , which has also been suggested by Refs. [26, 27] in favor of the currentmixing model [28] . On the other hand, the conventional Gell-Mann-Okubo mass formula for the exact SU(3) limit(X → 1) predicts δ V ≈ 0 • in the linear mass scheme and δ V ≈ +3.3 • in the quadratic mass scheme [17] .
In order to predict the ω − φ and η − η ′ mixing angles, we use the physical masses [17] of Here, X V = ±2.10 corresponds to δ V = ±4.2 • , respectively. Our values of λ V and λ P are not much different from the predictions of Ref. [20] . The reason why λ V is much smaller than λ P , i.e., λ P ≈ 23λ V in our calculation and λ P ≈ 18λ V in Ref. [20] , may be attributed to the fact that in the quark-annihilation graph, the 1 −− annihilation graph involves one more gluon compared to the the 0 −+ annihilation graph. This also indicates the strong departure of η − η ′ from the ideal mixing.
IV. APPLICATION
In this section, we now use the optimum model parameters determined in the last two Our analysis is carried out using the standard light-cone frame( q + = q 0 + q 3 = 0) with
The charge form factor of the pseudoscalar meson can be expressed for the '+'-component of the current J µ as follows F (Q 2 ) = e q I(Q 2 , m q , mq) + eqI(Q 2 , mq, m q ), (4.1) where e q (eq) is the charge of quark(anti-quark) and
with the definition of A and k ′ ⊥ given by
Subsequently, the charge radius of the meson can be calculated by
Also, the decay constant f P of the pseudoscalar meson(P = π, K) is given by
Since all other formulae for the physical observables such as the vector meson decay constants f V of V → e + e − , decay rates for the V (P ) → P (V )γ and P → γγ transitions have already been given in our previous publication [5] and also in other references(e.g. Ref. [7] ), we do not list them here again. The readers are recommended to look at Refs. [5] and [7] for the details of unlisted formulae. In Fig.3, we i.e., F K + (K 0 ) (Q 2 ) = e u(d) m 2 ω /(m 2 ω + Q 2 ) + esm 2 φ /(m 2 φ + Q 2 ). Since our model parameters of m u = 0.25 GeV and β uū = 0.3194 GeV are same with the ones used in Refs. [7] and [11] , our numerical result of the pion charge form factor is identical with the Fig.2(solid line) in Ref. [11] , which is in an excellent agreement with the available experimental data up to Q 2 ∼ 8 GeV 2 region. The decay constants and charge radii of various pseudoscalar and vector mesons for two different ω − φ mixing angles |δ V | = 3.3 • ± 1 • are given in Table   III and compared with experimental data [17, 29] . Even though our optimal predictions of Table III to show the sensitivity. The decay widths of the V (P ) → P (V )γ transitions are also given for two different values of δ V in Table IV . Although it is not easy to see which sign of δ V is more favorable to the experimental data, the positive sign of δ V looks a little better than the negative one for the processes of ω(φ) → ηγ and η ′ → ωγ transitions. Also, the overall predictions with the positive δ V for the V (P ) → P (V )γ transitions seem to be in a good agreement with the experimental data. However, more physical observables should be compared with the data in order to give more definite answer for this sign issue of ω − φ mixing angle. In Table V , we show the results of P (= π, η, η ′ ) → γγ decay widths obtained from our model with the axial anomaly plus partial conservation of the axial current(PCAC) relations. The predictions of η(η ′ ) → γγ decay widths using PCAC are in an excellent agreement with the data for our η − η ′ mixing angle, θ SU (3) = −19 • .
The predictions of the decay constants for the octet and singlet mesons, i.e., η 8 and η 0 , are f 8 /f π = 1.254 and f 0 /f π = 1.127 MeV, respectively. Our predictions of f 8 and f 0 are not much different from the predictions of chiral perturbation theory [30] reported as f 8 /f π = 1.25 and f 0 /f π = 1.04 ± 0.04, respectively. Another important mixing-independent quantity related to f 8 and f 0 is the R-ratio defined by
Our prediction, R = 2.31, is quite comparable to the available experimental data [31, 32] , R exp = 2.5±0.5(stat)±0.5(syst). Also, the Q 2 -dependent decay rates Γ P γ (Q 2 ) are calculated from the usual one-loop diagram [5, 7] and the results are shown in Figs.4-6. Our results are in a remarkably good agreement with the experimental data [33] [34] [35] up to Q 2 ∼ 10 GeV 2 region. We think that the reason why our model is so successful for P → γ * γ transition form factors is because the Q 2 -dependence(∼ 1/Q 2 ) is due to the off-shell quark propagator in the one-loop diagram and there is no angular condition associated with the pseudoscalar meson.
V. SUMMARY AND DISCUSSIONS
In the light-cone quark model approach, we have investigated the mass spectra, mixing angles, and other physical observables of light pseudoscalar and vector mesons using a QCD motivated potential. The variational principle for the effective Hamiltonian is crucial to find the optimum values of the model parameters. After fixing model parameters, we observed that the central potential V 0 (r) in our light-cone quark model analysis is close to that of ISGW(ISGW2) [24, 25] model. Using the physical masses of (ω, φ) and (η, η ′ ), we were able to predict the ω −φ and η −η ′ mixing angles as |δ V | ≈ 4.2 • and θ SU (3) ≈ −19.3 • , respectively.
We also have checked that the sensitivity of the mass spectra of (ω, φ) to ∼ 1 • variation of
With these fixed model parameters, we have computed the observables such as charge radii, decay constants, and radiative decays of P (V ) → V (P )γ * and P → γγ * . As summarized in Tables III, IV , and V, our results for these observables are overall in a remarkable agreement with the available experimental data [17] . Furthermore, our result of the R-ratio presented in Eq.(4.5) is in a very good agreement with the experimental data [31, 32] . The Q 2 dependence of P → γγ * processes was also compared with the experimental data up to Q 2 ∼ 8 GeV 2 . As shown in Figs.4,5 , and 6, our results are in an excellent agreement with the experimental data [33] [34] [35] . This may not be so surprising because the Q 2 -dependence for these processes is basically given by the off-shell quark propagator in the one-loop diagrams.
The charged and neutral kaon form factors were also predicted as shown in Fig.3 . [17] . Data are taken from Refs. [33, 34] . 
